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Abstract

A numerical code is made allowing the simulation, in two-dimensional geometry, of the radiative transfer within a semi-transparent medium
(STM), gray, absorbing, emitting and anisotropically scattering. The solution method is provided by a new formulation of the modified discrete
transfer (MDT) method. A bilinear interpolation of the temperature as well as of the scattered radiation intensity within a grid mesh proved to be
necessary in order to cure the occurring problem of negative radiation intensities when one calls upon the linear profile of Cumber with a first
fine netting. When analysing the effect of the renormalization methods of the scattering phase function of Kim, of Wiscombe and of least squares
on the global modeling of radiative transfer in an anisotropic scattering STM, we have shown that the method of Kim is easy to implement and
present the same accuracy degree than the one of Wiscombe. However, the technique of least squares offers real prospects since it stands out by the
absence of unrealistic values on the diagonal of the matrix associated to the renormalized phase function and the renormalization of the scattering
phase function with the desired precision.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction and false scattering [3—6], of the occurring unrealistic negative
intensities [S] and the discrete ordinates representation of the

In the industrial processes carried at high temperatures such ~ scattered radiation to ensure energy conservation [7].

as boilers and incinerators, radiation is regarded as a significant Among the solution methods of the radiation transport equa-
heat transfer mode, even a dominating one. In general, these  tion is the modified discrete transfer (MDT) method performed
processes contain a semi-transparent medium (STM), emitting, by Farhat and Radhouani and successfully applied to the case of
absorbing and anisotropic scattering due to the production of @ parallelepipedic enclosure [8]. In the present investigation, an
soot particles (reactive medium). Such applications need a rig- ~ improved MDT method is proposed in order to solve the radia-
orous, reliable and computationally efficient solution method to ~ tive transfer equation (RTE) in a two-dimensional rectangular
provide sufficiently accurate radiative heat transfer predictions. ~ enclosure where anisotropic scattering in a STM is taken into

In the last decade, various interesting improvements have been ~ account. In [8] we have adopted the Cumber linear profile [9]
achieved in this way such us the development of new spatial which has been applied to temperature (anisothermal grid cells)

differencing schemes [1,2], the circumvention of the ray effect and scattered radiation, in the same direction of propagation, in
each grid cell. The accuracy of the MDT solutions increases

when using a coarser first netting near the walls. The Cum-

" Corresponding author. o ber linear profile caused negative radiant intensities when this
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naziha.abdallah@ipeim.rnu.tn (N. Abdallah), naceur.borjini @fsm.rnu.tn Cond.ltIOI.l is satisfied. This negativity was not Ob'SC‘I‘Ved When
(M.N. Borjini), rachid.mechi @ipeim.ru.tn (R. Méchi), said@ipeis.ru.tn considering a 3-D rectangular enclosure [8]. A bi-linear inter-
(R. Said). polation method (Fig. 1) is an alternative that enables to assess
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Nomenclature
Cyy direction-shape parameter, = g%
d particle diameter ................... ... ..... m
1 radiative intensity ................. Wm2sr!
1° blackbody radiant intensity ......... Wm2sr!
L Lagrangian (Eq. (21))
n order of the MDT method
n refractive index
N4 total number of ordinate directions, =n(n +2)/2
q radiative heat flux ...................... Wm™?
0 total radiative surface heat flux .............. W
s distance coordinate ............... ... ...... m
s integration variable ......................... m
T teMPETature . ..........ouueeevniuneeennnnen. K
u,v spatial interpolation coefficients
w angular weights ............. ... ... .. .. St
x' particle size parameter = wdv
Xij original estimate of an element of [x]
x;“j adjusted value of x;;
x,y,z Cartesian coordinates ....................... m
X,Y dimensions of the enclosure ................. m
Wi; arbitrary weights
Greek symbols
2 solidangle ......... ... ... .. il ST
2 ray direction .
dse2 differential solid angle around £2 ............. st

n, &, u direction cosines

As distance travelled by aray ina gridcell ....... m
Ax, Ay, Az dimensionsofagridcell ................ m
v wave number ..............ooiiia... em™!
A Lagrange multiplier
K absorption coefficient ..................... m~!
o phase function correction coefficient
B extinction coefficient, =k + 05 ............ m~!
Oy scattering coefficient ..................... m~!
o Stefan—Boltzmann constant,

=5.669 x 107 Wm2K~*
1) scattering albedo, = o/
e wall emissivity
P wall reflectivity, =1 — ¢
(] scattering phase function
o* renormalized scattering phase function
v scattering angle ........... .. ... o ... rd
0, ¢ polar and azimuthal angles, respectively ...... rd
X convergence criterion of the Lagrange multipliers
T(s] — s2) transmissivity for a sys> column,

=exp[— /2 (s”) ds”"]
Subscripts
i incoming ordinate direction
j outgoing ordinate direction

n,n+ 1 entry and exit points of a ray crossing a grid cell
w wall

J+1

o oxy—x(D)

Cxd+)—x ()

NI
yd+hH-yQ)

Fig. 1. Definition of the bilinear interpolation of radiant intensity at point M in
terms of the neighbouring intensities.

temperature and radiant intensity in any point of a grid cell and
to avoid non-physical results. This method could easily be ex-
tended to the case of a parallelepipedic configuration.

The scattering phenomenon is represented by a phase func-
tion defined as the probability for a radiation beam to be scat-
tered in the propagation direction. To preserve radiant energy
conservation, this function must be normalized. Several studies
were conducted aiming at the modeling of the radiative prop-
erties of the scattering particles by using assumptions among
which those related to the size parameter (x’ = 7 dv). The
Rayleigh approximation is applied for small size parameter and
the geometrical optics approximation for a large size parame-
ter. The angular distribution of the scattered radiation in the
case of a spherical particle size comparable with the wavelength

(x" =~ 1) was considered by Mie where the scattering phase
function is expressed as a finite series of Legendre polynomials
[7,10-12]. The expansion coefficients of the FO function were
given by Lee and Buckius [13] whereas those corresponding to
the functions F1, F2 and F3 result from the work of Wiscombe
based on the modified code of Mie for size parameters equal to
5,2 and 1, respectively. The coefficients of the function B1 were
given by Ozisik [14] for a unit size parameter whereas those of
B2 correspond to the angular distribution of radiation scattered
by very fine particles [15]. Function F4 is characterised by the
same coefficients as function B2, except for a minus sign. Fig. 2
shows the representation of the logarithmic values of the gen-
eral Mie-anisotropic phase functions studied in this paper. By
examining these phase functions, plotted in polar co-ordinates,
we can conclude that a weak size parameter presents a more
uniform phase function. If this parameter increases, the phase
function starts showing scattering peaks in certain directions.
Further details about the Mie-scattering phase functions can be
found in the references [10-12,16].

A literature survey reveals that any anisotropic scattering
phase function could be scaled into isotropic scattering by using
the following scaled extinction coefficient and albedo:

o(l—f)

1 —of M
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Fig. 2. Representation of the scattering Mie-anisotropic phase functions.

where f = % represents the asymmetry factor and C; the first
order expansion coefficient depending upon the refractive index
and the particle form size (Table 1). Tagne and Baillis [17] have
derived the above scaled parameters for general anisotropic
scattering without assumption on the solution method of the
RTE by evaluating the zero and first moments of the scaled
albedo and phase function product. These scaled parameters
have been previously obtained from the P1 [13] and the delta
approximations [18—20]. The isotropic scaling models allow to
simplify the anisotropic scattering problem and to reduce the
amount of computing time and storage.

The aim of this work is to adapt the least squares method
to the renormalization of the scattering phase function. The re-
sults of this method are compared to those proposed initially
by Kim [10,11] and Wiscombe [15] by conducting modeling of
radiative transfer in a rectangular slab having black walls sub-
mitted to prescribed temperatures. The medium is a material,
gray, absorbing, emitting and anisotropically scattering. In this
work, we set out to choose, for the MDT method, the direction
set of the DOM of Truelove [21]. The angular representation
of the phase functions, which represent the object of this study,
are those considered by Mie: F0, F1, F2, F3 and F4 (forward—
scattering), B1 and B2 (backward—scattering). A discussion on

Table 1

1129

Ay

Fig. 3. Representation of a grid cell crossed by a ray in the ﬁj direction.

a better renormalization method of the phase function is given
and an evaluation of the accuracy of the scaled isotropic results
is made by comparison with available data.

2. Governing equations

When considering the definite solution of the radiative trans-
fer equation (RTE) [22] between two adjacent points s, and
sn+1 located respectively at the entrance and exit of a grid cell
(Fig. 3), where radiative properties are assumed to be constant,
we obtain the equation that governs the radiative transfer within
a semi-transparent, gray, absorbing, emitting and anisotropi-
cally scattering medium

I(sp1) =1(sp)T (S0 — Spg1)

Sn+1
n"?ep(1 —
n B( w)f
T
Sn

T4(s")t(s” = spg1)ds”

+ D(sp+1) 2)
with
Sn+1
D( i Bw = =4 -9 ’
Sn-H)_E (2 —> 2)I(s", 2)d2
S 2'=4nw
x 1(s" — sp41)ds” 3)

Maximum percentage error between the hot wall radiative flux values obtained by the least squares, Wiscombe, scaled isotropic methods and

S14 approximation

f=C1/3 Least-wis. Least-scaled Least-S14 Wis.-scaled Wis.-S14 Scaled-S14
B1 —0.18841 0.14 1.4 1.1 1.6 1.2 0.37
B2 —0.40000 0.57 2.2 0.91 2.8 1.5 1.3
FO 0.92732 1.4 0.51 1.9
Fl1 0.84534 2.3 0.83 0.33 3.2 2.7 0.50
F2 0.66972 6.2 1.5 0.60 7.8 5.6 2.1
F3 0.18452 0.38 0.036 0.34
F4 0.40000 0.66 1.8 2.5
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Fig. 4. An illustrative example to compare linear and bilinear interpolation
schemes (f(1) = f(2) =0, f3) =1, Ax=Ay=1m).

The discretized form of the integral term of Eq. (3) is

Sn+1

Dj(spt+1) = lj—: / Ji(s")T(s" = spq1)ds” 4)

Sn

where the in-scatter term can be expressed as

Ng
Ti(s) =Y Li(s) i jw; (5)

i=1

In a parallelepipedic enclosure, the appliance of the Cum-
ber linear profile [9] on temperature 7" and scattered radiation
Jm, which appears in the definite solution of the RTE, allows
us to set up a new equation of radiant intensity transfer [8].
According to this profile, the considered function (T or J,,) is
assumed to vary linearly between the entry (s,) and exit (s,,41)
points of a ray traversing a grid cell. More accurate representa-
tion of the temperature and the scattered radiation fields within
a grid cell should produce more accurate numerical simulations.
This is due to the non-linear dependance of the intensity on the
temperature. In a two-dimensional configuration, a bi-linear in-
terpolation is an alternative that allows approaching these quan-
tities (7" and J,,) in a given point M (x, y) within a grid cell
in accordance with those defined in the neighbouring nodes.
The evaluation of the integral terms in Egs. (2)—(3) is carried
out, with the desired accuracy, using a trapezoidal method con-
nected to the Romberg convergence speeding up algorithm [23].
Comparison between the Cumber linear profile and the bilinear
interpolation scheme (Eq. (30)) for a simplified case is shown
in Fig. 4. The discrepancy between the two profiles increases
as the considered function value at node 4 (discarded by the
Cumber profile) increases. This situation occurs near the wall
surfaces of engineering devices carried at high temperatures. In
the following section, a bi-linear variation law of the temper-
ature, as well as the scattered radiant intensity, is adopted to
show that this approach is effective in simulating the radiative
heat transfer in a participating medium.

The discretized radiative boundary condition at the lower
part of the medium for example is given as

Pw
aty =0 1j(Su)=eul”(Sw) + = Y 1i(Sw)lEilw;
(§i<0)
(& >0) (6)

The x- and y-components of the radiative flux density and
the radiative source term, required for the energy equation and
obtained by integrating the RTE over the N, ordinate direc-
tions, are expressed respectively as

Na

ar, () =Y Ii(s)njw; (7)
Jj=1
Na

ar, () =Y _I;(s)&jw; ®)
j=1

Ng

V.G (s)=(1 —w)p [Z Ii(s)wj —4n/20T4(s)] )
j=1

When the medium is at the radiative equilibrium, stationary en-

ergy conservation is given by

Ny
4o THs) =Y Ij(s)w; (10)
j=1

3. Renormalization phase function methods

In the case of scattering particles composed of a homoge-
neous and isotropic material and presenting a perfect spherical
symmetry and/or when the medium does not present preferen-
tial scattering directions, the phase function depends only on
the scattering angle ¥ evaluated between incidental and scat-
tering directions, thus verifying the following equations:

{¢(éi,s§j2=¢(§j,{§i) i an

D(—2i, 2)) =D (—2;, i)

Taking account of the angular dependence of the radiant in-
tensity and in order to facilitate the numerical resolution of
the radiative transfer equation (RTE), the spherical angle is
subdivided into Ny elementary solid angles. To each ordinate
direction !_é(n, &, ), is associated an angular weight w that
represents the area surrounding this direction on the unit radius
sphere.

Conservation of radiant energy dictates the following condi-
tion:

1 o o
— / D(2,2)dR2’ =1 (12)
4r

Q'=4x

Due to the difficulty of handling this equation we set out to
replace it by a quadrature sum over all the ordinate directions:

(L
g > @i j(cosy wi =1 (13)
i=1
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This practice involves discretization errors and the scattering
phase function is no more normalized. In addition to the meth-
ods of Kim and Wiscombe, we propose in this work to adapt
the least squares method to the renormalization of the scatter-
ing phase function.

3.1. Wiscombe method
This method was initially proposed by Wiscombe [15]. Since

the phase function @;; puts into play two directions, the author
associated to each direction §2; a correction factor «;:

o i =(+a +a)d;; (14)
Eq. (13) becomes:

|
g > A+ +a)®; jw =1 (15)

i=1
The resulting set of the correction coefficients is provided

by solving a system of algebraic equations, which arises in the
following matrix form:

[AI{X} = {B} (16)
with

X =(d)i=1,..N

(Ai i j=1,.n; =P jw; + Z/JCVL Dy, jwi 17)

N,
(Bj)j=1,..Ng =41 =3}, P jwi
3.2. Kim technique

This method, adopted by several researchers [8,10,11], is
easier to implement than the previous one since it associates
a single correction factor depending only on the scattering di-
rection §2; yielding:

U B
ij 7 1 ~Na
T 2kt Pk jWi

To be able to compare the values of the correction coeffi-

cients obtained by the two methods of Wiscombe and Kim, it

is advisable to use the same form for the renormalized phase
function @} jas follows:

(18)

Q;jj =(1 —{-20{1')@,'7]'

1 1
e 1} (19)
2 [%Zkild’k,]‘wk

3.3. Least squares method

Larsen and Howell [24], then Méchi et al. [25] applied this
method to normalize the direct exchange areas in zonal analysis
which embody the enclosure’s optical and geometric proper-
ties [26,27]. Ou and Wu [7] have performed this method for
inverse radiation problems in conjunction with the Levenberg—
Marquardt algorithm. Its application consists in adjusting the

original estimates x; ; = @; jw; (i, j =1,..., Ng) with the fol-
lowing constraints to ensure radiant energy conservation:
Na yo o o)
Zi:lxlvj =Cj (20)
cj=d4m, j=1,...,Ny

According to Larsen and Howell [24], this problem consists
in minimizing the Lagrangian L defined by:

Ng
L=H+ij(gj+g7) (21
j=1
where
N, N, 1 2
H=3,"7%"" awi; (A = Xig)
N, .
gj=cj— i:dlx;,i’ j=1,...,Ny4 (22)
N .
Gmer XM, J=l N

Notice that x; j and x; ; Tepresent the original estimate and
the adjusted value of an element of [x]. W; ; are the selected
coefficients chosen in such a way that they preserve the symme-
try of the matrix associated to the renormalized phase function
(Wij = Wji).

The Lagrange multipliers A; are calculated following the
resolution of a system of algebraic equations, obtained by min-

imizing the Lagrangian L with respect to each value x; j

oL 1 "
PP = W _(xi’j —Xxij)—A—Ax;=0
ij i
i,j=1,...,Ny (23)

This equation results in:

x:j =x; i+ Wi i +21)),

i,j=1,...,Ng4 24)
Taking account of the radiative energy conservation con-
straints (Eq. (20)), the summation of this equation on the total

discrete directions yields:
Na N
4 = xij=Y WijGi+r), j=1,....Na (25)
i=1 i=1
The determination of the Lagrange multipliers consists in

solving an algebraic system of Ny equations and the resulting
equations may be written in the following matrix form:

[RI{A} = {5} (26)
with

rii=Wii+ 27i1 Wi

ri =Wy, i#]j 27

— Na . .
5]‘ =4 — Zi:lxhj
The computation process of the Lagrange multipliers is re-

peated checking the following convergence condition:

Na
S - < x (28)

i=1
The values of the renormalized phase function are deduced us-
ing Eq. (24).
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3.4. Results and discussion

The numerical results, obtained by applying the renormal-
ization methods of Kim, Wiscombe and least squares, corre-
spond to the quadrature order sets ranging from 2 (4 directions)
to 12 (84 directions) and to the Mie-phase functions (B1, B2,
FO, F1, F2, F3 and F4). The total solid angle 4m sr is dis-
cretized into Ny = n(n + 2)/2 infinitesimal fully-symmetrical
control angles (2-D analysis) with ensuring invariance proper-
ties of the physical system [28]. The used quadrature set obeys
the intensity distribution moments of order 1 (half-range), to
ensure realistic boundary heat fluxes and temperatures, and of
orders 0 and 2 (full-range) [21,29-31].

For a given angular quadrature set and a given phase func-
tion, the average percent error is evaluated using the three meth-
ods adopted in the present work:

0 average error = — 0 €ITOY ) ;
Na = !

Na
1—
1

_l
Ny 4
]=

L
HZ@;fjwi x 100 (29)

i=1

By examining the obtained percentage errors, we can state
that without renormalization, the introduced error is generally
significant reaching up to 2.3 10°% and that the increase of the
quadrature order does not decrease it (Fig. 5). This makes it nec-
essary to renormalize the phase function in order to avoid the
non-physical encountered results and to enhance the accuracy
of the in-scattering contribution when checking the RTE solu-
tion in radiating enclosures. The average error highest values
correspond to the really acute Mie-phase functions FO and F1.
This can be explained by the large forward scattered component
present in each function and the important number of expan-
sion coefficients assigned to these phase functions provided in
[10,11].

For all the quadrature sets used (n =2, ..., 12) the average
errors obtained by the Kim [8,10,11] and Wiscombe [15] meth-
ods are quite satisfied (about 10~!%). In addition, for n > 4
and x = 10715 the least squares technique led to less aver-
age errors. The results of the former can be accomplished with
the required accuracy when improving the accuracy of the La-
grange multipliers (Eq. (28)). By applying Kim’s method, Kim
and Lee [10] have shown that the phase functions B1, B2 and
F2 normalize to less than 0.1% when using the S14 approxima-
tion whereas for the Mie-function F1 the average renormaliza-
tion error is 1.4576%. By comparison with our results (Kim’s
method), the difference could be explained by the fact that the
moment matching quadrature scheme adopted in the present
work was different from the one used in the above reference.
Tests have shown that W; ; = w; was a judicious choice allow-
ing, on the one hand, to preserve the symmetry of the matrix
associated to the renormalized phase function and, on the other,
to tackle the drawback of the unrealistic values of the phase
function occurring when the incident direction corresponds to
the scattering one (¥ ; = 0): In fact, the values @}, placed on
the diagonal of the matrix [@*] obtained by this technique are

1E+4

lg | \\I\Ill

1E+3 —
8 2
2 7
N T
= i
£

—

S 1E+2 —
2 3
*:—; -
E ]
< 4
E;

S

=}

5 1E+
()

on

[

5

>

o]

N

1E+0

1E-1 T T T T T T T T T ]

2 4 6 8 10 12
Quadrature ordre

Fig. 5. Percent average error without Mie-phase function renormalization vs
quadrature order.

identical, which concords with the basic assumption that @; ;
depends only on the scattering angle ¥; ;. Indeed, the differ-
ence between the values occupying the diagonal of the matrix
[@*] reproduced by the methods of Wiscombe and Kim was
predictable according to Eqs. (14) and (19). It is to be noted
that the numerical computer code is sufficiently flexible to treat
the case of other phase functions not under consideration in this
work.

Finally, we can state that the method of Kim is easy to im-
plement and presents the same degree of accuracy as that of
Wiscombe. However, the method of least squares stands out
in particular by the absence of unrealistic results and the pos-
sibility of renormalizing the phase function with the desired
accuracy.

In the next section, we set out to analyse the effect of the
phase function renormalization on the total modeling of the
radiative heat transfer within a rectangular cavity where non-
isotropic scattering is taken into account.

4. Radiative pattern in a 2-D rectangular enclosure
4.1. The modified discrete transfer (MDT) method

The present work purports to adapt an original version of
the MDT method applied to a parallelepipedic geometry [8] for
the analysis of the radiative transfer within a rectangular con-
figuration which confines a semi-transparent medium (STM),
gray, emitting, absorbing and anisotropically scattering. Taking
account of the radiant intensity angular dependance, we have
chosen, for the MDT, the direction set outlined in Section 3.4.
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Fig. 7. Definition of the linear interpolation of radiant intensity at point M in
terms of adjacent ones.

According to the MDT method, the determination of the ra-
diant intensity field in STM is based on Eqgs. (2)—(5). The geom-
etry of the enclosure delimiting this medium determines the
choice of the applied interpolation scheme for the calculation of
the radiant intensity at the cell entry, the temperature (anisother-
mal cells) and the scattered radiant intensity at any point located
on the path s, — s,41. In a Cartesian two-dimensional con-
figuration, Fig. 6 shows three types of possible directions of
the radiant intensity crossing a cell where the direction shape
parameter Cy, = % characterizes the radiation propagation
direction within a rectangular shaped cell (Ax, Ay) [2].

At the entry of a spatial volume element, radiant intensity
has been checked by means of a linear interpolation taking the
two adjacent radiant intensities into account (Fig. 7). For each
direction type, the interpolation coefficient u (0 < u < 1) is de-
picted on Fig. 8. In each grid cell point, temperature as well as
scattered radiation are evaluated, in accordance with those de-
fined in the neighbouring grid cell edges, through the use of a
bi-linear interpolation method (Fig. 1), such as [32]

fO=0-wyd—-v)f(D)+ul-v)f2)
+uvf@)+ 1 —u)vf(4) (30)

where f =T or J; and (u, v) are the interpolation coefficients
defined in [0, 1] that depend on the direction and geometric
shape of the considered grid cell. These coefficients are pro-
vided in Fig. 9 for each direction type where s represents the
distance coordinate between the entry point to a grid cell and the
calculation point M. Thus, a given direction is perfectly defined
with the direction type (1.8) and the direction number within an
octant unit radius sphere.

The assessment of the radiant intensities with the MDT
method occurs only at the nodes of each grid cell. Radia-
tion flux and source are then evaluated at these nodes using
Egs. (7)-(9). This avoids averaging the control volume center
intensity in accordance with the control volume boundary val-
ues. In combined heat transfer processes including radiation
and other modes of heat transfer, such as conduction [14] and

convection, a displaced grid used for finite-difference or finite
volume techniques is considered so that the previous nodes are
placed in the center of each control volume.

4.2. Validation of the computer code

In this section, three test problems frequently used in the
literature are considered in order to test the possibilities of the
calculation program that takes into account various medium and
boundary conditions and to choose the adequate spatial and an-
gular discretizations following the comparison with available
data. The enclosure is a unit length square shaped geometry
with black walls, except for the last test case, containing a semi-
transparent and gray medium with a unit optical thickness.

Fig. 10 refers to the case where the medium is purely ab-
sorbing with a dimensionless emitted radiative energy and cold
walls [33]. By refining the grid cell sizes from 5 x 5 to 21 x 21
control volumes (Fig. 10(a)), one notices an improvement in
the result accuracy (n = 6). The case of 11 x 11 volume ele-
ment grid is used for various orders of angular discretization.
According to Fig. 10(b) and to tests order 8, which computes
40 intensities over the hemisphere, seems to be the most suit-
able. The choice of a refined grid carried a slight improvement
and increased time calculation. In the following two test cases,
a 11 x 11 spatial grid mesh and n = 8 will be adopted. We
consider a rectangular enclosure where the top and two side
walls are cold while the bottom wall is kept uniformly hot (unit
emissive power). The medium is absorbing, emitting and at the
radiative equilibrium. The predicted results given on Fig. 11(a),
appear to compare well with the exact solution provided by
Razzaque et al. [34] for the optically thin and thick limits as
well as for a moderate optical thickness value. The last bench-
mark case involves a cavity, with gray walls of which three
are cold and one is hot (unit emissive power), containing an
emitting and isotropic scattering medium. Fig. 11(b) shows the
profiles of the hot boundary radiative flux for various values of
the wall emissivity €. The comparison gives an excellent agree-
ment with the predictions based on the Hottel zonal method [35]
which were successfully used for radiative heat transfer evalu-
ation in practical engineering processes.

The following section focuses on the effect of the stud-
ied renormalization phase function methods on the radiative
behaviour of a purely scattering—anisotropic radiatively active
medium. The MDT solutions will be presented with a much
finer spatial and angular discretizations to be used as reference
(21 x 21 element grid, n = 12).
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Fig. 8. Presentation of the coefficient u of linear interpolation of radiant intensity for each direction type.

4.3. Comparison between the phase function renormalization
methods

In this part, radiant heat transfer within a semi-transparent
medium (STM) purely anisotropic scattering (8 = oy = 1 m~!)
and confined in a black walled rectangular cavity with unit
length is simulated. The wall y = 0 is assigned to emissive
power of unity (hot wall) whereas the three other walls are cold.
The considered phase functions are those studied by Mie: B1,
B2, FO, F1, F2, F3 and F4 (Fig. 2). The results suggested by
Kim and Lee [10], used as the benchmark, consider the func-
tions B1, B2, F1 and F2 and are obtained by using the discrete
ordinates method with classical S-14 quadratures (112 direc-
tions) and a Tchebycheff spatial grid of 26 x 26 volume ele-
ments where nodes are tightened in the vicinity of the walls
and more spaced when marching towards the central core. For
all the phase functions considered renormalization was per-
formed by using Kim’s method described in Section 3.2. Our
results for the Mie-functions FO, F3 and F4 are provided with-
out comparison since, to our knowledge, these functions were
not considered in the present problem. The interested researcher

is referred to the work of Kim [12] to obtain the tabulated data
for the S-14 predictions used here for comparison.

The calculation of the radiant heat flux and temperatures
within the radiating medium follows an iterative process. The
solution procedure is considered as converging when the fol-
lowing criterion is satisfied:

‘UP——UP_I

<10 U=QorT (31)

uUp
Fig. 12 represents the profiles of the wall radiative flux at the
hot surface. We have adopted the same order of magnitude of
the average error for the renormalized phase functions by the
least squares and Wiscombe methods. The phase functions pre-
senting a large forward scattered component tend to increase
the wall radiative flux at the hot wall (FO, F1, F2, F3 and F4)
whereas those having a scattering backward directed peak tend
to decrease it (B1 and B2). This was predictable since the ther-
mal radiation is directed from the hot surface towards the cavity
core.
By examining the profiles of the net radiative and inci-
dent fluxes, for different phase functions on the median plane
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Fig. 9. Presentation of the bilinear interpolation coefficients (u#, v) of temperature and scattered radiation for each direction type.

x = 0.5 m, we can state that they are not very influenced by the
choice of the renormalization method. This can be explained
by the symmetry of the medium boundary conditions. It is also
noted that for the quadrature sets of order 4 and 6 (functions B1
and B2), the profiles of the net radiative and incident fluxes in
the medium presented a wiggling behaviour due to the problem
of violating the continuous property of the control angle. Fur-
ther details about this phenomenon, known as ray effect, can be
provided in the literature [6,36,37]. These oscillations are less
pronounced if one adopts orders of angular discretization going
fromn =8 up to 12.

As shown in Table 1 and Fig. 12, the hot wall flux values are
for all phase functions accurately predicted when using either
the MDT method, associated with the least squares technique,

or the scaled isotropic scheme. The maximum error from the
S-14 solutions is 3% for the Mie-phase functions B1, B2, F1
and F2. Kim and Lee [11] and Guo and Maruyama [20] have
found the equivalent isotropic problem solutions sufficiently ac-
curate by comparison with the anisotropic predictions. More re-
cently, for a one dimensional steady state radiative heat transfer,
Tagne and Baillis [17] have shown that the isotropic assump-
tion was accurate for both highly and weakly purely scattering
medium and less accurate for thick absorbing—scattering ma-
terial and forward, backward or forward-backward scattering.
Tests have shown that the deviation between the results given by
the least squares and the Wiscombe methods is more important
for forward radiation scattering functions and for a weak order
of angular discretization. Thus, this difference can attain 7% for
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Fig. 10. Spatial grid size (a) and angular discretization (b) effects on the ra-
diative heat flux at one of the cold walls.
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Fig. 11. Optical thickness and wall emissivity effects on the hot walled radia-
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Fig. 12. The hot wall radiative flux profiles for various Mie-phase functions renormalized by using the least squares and Wiscombe methods (o5 =1 m™ 1.

FO, F1 and F2 functions. This can be explained by the fact that
the number of terms @, (incident direction corresponds to that
of scattering: ¥ = 0) becomes less significant in front of the
other terms when the number of discrete ordinates increases.
In fact, the variation observed between the results of the two
renormalization techniques of the phase function (Wiscombe
and least squares) is due to the difference in values occupy-
ing the diagonal cbl?fi of the matrix [@*] since the considered
phase function were renormalized by the two methods with the
same precision. The comparison between our results and those
obtained by the discrete ordinates approximation S-14 (112 di-
rections) have shown the particular interest that the least squares
technique presents for renormalizing the phase function. The
latter makes it possible to bear the shortcoming of the unreal-
istic values @[, observed if one adopts the Kim or Wiscombe
methods. It is noticed that the various terms of the matrix as-

sociated to the renormalized phase function [@*] must be con-
trolled since negative values due to cumulative errors could take
place. In this case, one will be able to remove this negativity by
requiring these terms to be positive.

5. Conclusion

A numerical study made it possible to investigate, in a two-
dimensional rectangular geometry, the radiative transfer within
a semi-transparent, gray, absorbing, emitting and anisotropi-
cally scattering medium. The method providing the solutions of
the radiative transfer equation (RTE) is based on a new formu-
lation of the modified discrete transfer (MDT) method applied
to the case of a 3-D rectangular system [8]. A bilinear inter-
polation of the temperature as well as of the scattered radiant
intensity within a grid cell proved to be necessary in order
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to cure the drawback of negative radiant intensities occurring
when the Cumber linear profile [9] is implemented with a first
sharp netting.

By analysing the effect of the renormalization methods of
the scattering phase function suggested by Kim, Wiscombe and
the least squares technique on the modeling of the radiative
transport in a STM containing scattering particles, we have
shown that deviation between results given by these methods
depends on the angular representation of the scattered radia-
tion (Mie-functions: FO, F1, F2, F3, F4, B1 and B2) and the
directional grid size (n =2, ..., 12). Kim’s method is easier to
implement and accomplishes the same degree of accuracy as
the one due to Wiscombe. The least squares method offers real
prospects since it stands out by the absence of unrealistic val-
ues on the diagonal of the matrix assigned to the renormalized
phase function and by its ability to renormalize the phase func-
tion with the desired accuracy.

For the fully symmetric moment matching technique men-
tioned previously a data base has been performed involving the
correction coefficients of the Mie-phase functions (B1, B2, FO,
F1, F2, F3, and F4) using the methods of Kim and Wiscombe
and the matrices assigned to each phase function renormalized
with the least squares technique. Once assessed, this data base
can readily be used with a radiation solver. It is to be noted that
the implemented computing code is sufficiently flexible to treat
other representations of the scattered radiation not under con-
sideration in this study.

Further stages in this work will consist in considering com-
bined heat transfer modes in enclosures submitted to various
thermo-radiative boundary conditions in order to check the suit-
able phase function renormalization method that provides the
best compromise between accuracy and CPU computational
time.
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